We present a time-dependent non-Hermitian Floquet approach for the precision three-dimensional nonperturbative calculations of high-order harmonic generation ͑HHG͒ rates of the hydrogen molecular ions subject to intense laser fields. The procedure involves an extension of the complex-scaling generalized pseudospectral method for nonuniform spatial discretization of the Hamiltonian and non-Hermitian time propagation of the time-evolution operator. The approach is designed for effective and high-precision nonperturbative treatment of high-order multiphoton processes in very intense and/or low-frequency laser fields, which are generally more difficult to treat using the conventional time-independent non-Hermitian Floquet matrix techniques. The method is applied to the multiphoton ionization ͑MPI͒ and HHG calculations of H 2 + for the wavelength 532 nm at the equilibrium internuclear separation ͑R = 2.0 a.u.͒ and several laser intensities, as well as at the laser intensity 5 ϫ 10 13 W/cm 2 and various internuclear distances in the range between 3.0 and 17.5 a.u. We found that both the MPI and HHG rates are strongly dependent on R. Further, at some internuclear separations R, the HHG productions are strongly enhanced and this phenomenon can be attributed to the resonantly enhanced MPI at these R. Finally, the enhancement of higher harmonics is found to take place mainly at larger R. Detailed study of the correlation between the behavior of MPI and HHG phenomena is presented.
I. INTRODUCTION
The exploration of atomic and molecular multiphoton processes in intense laser fields is a subject of much current interest and significance in science and technology ͓1-3͔. In particular, multiple high-order harmonic generation ͑HHG͒ is one of the most rapidly developing topics in strong-field atomic physics in the last decade. The generation of harmonics of orders in excess of 300 from rare-gas atoms has been recently demonstrated by several experiments ͓4,5͔. The shortest wavelength generated by the HHG mechanism to date is about 2.7 nm ͓4,5͔, well into the water window regime. In the last several years, the study of molecular multiphoton ionization ͑MPI͒ and HHG processes has also received considerable attention both experimentally and theoretically. Due to the extra internuclear degree of freedom, the response of molecules to strong fields is considerably more complicated than that of atoms with comparable ionization potential. The exploration of molecular physics in strong fields is only at the beginning stage.
The main aspects of atomic HHG can be explained on the basis of the recollision model ͓6,7͔. According to this model, the atom is first ionized by the laser field. The free electron is accelerated by the field and acquires some additional energy. Oscillating in the field, the electron can return to the core and undergo a recollision. As a result, a recombination can occur, and the extra electron energy is converted into a photon of the harmonic radiation. The model predicts a plateau in the harmonic spectra with the cutoff at approximately ͉E 0 ͉ + 3.17U P , where ͉E 0 ͉ is the ionization potential of the atom and U P is the ponderomotive potential equal to F 2 / ͑4 2 ͒, F and being the laser field strength and frequency, respectively ͑linear polarization of the field is assumed͒. A generalization of this model to the diatomic molecular case was discussed in Ref. ͓8͔ . Since molecules are more complex systems than atoms, there exist several topologically different classical orbits that contribute to the harmonic spectra in the recollision model ͓8͔. Additional degrees of freedom as compared to atoms lead to more flexible control of the HHG process. For example, for diatomic molecules one can study the dependence of the HHG spectra on the orientation of the molecular axis and internuclear separation. Recent experiments ͓9,10͔ show the possibility of prealigning of molecules in the interaction region.
However, due to the neglect of detailed atomic and molecular structure, the simple recollision model ͓6-8͔ and other models ͓11͔ based on the Keldysh-Faisal-Reiss approximations, etc., cannot provide quantitative details of the underlying quantum dynamics and HHG spectra. To obtain a full picture, ab initio calculations are required. However, ab initio time-dependent wave-function calculations of N-electron atomic and molecular systems is beyond the scope of the current supercomputer technology for N Ͼ 2. To overcome this major bottleneck, several self-interaction-free time-dependent density-functional theoretical ͑TDDFT͒ approaches, taking into account detailed electronic structure and dynamical electron correlations for atomic ͓12,13͔ and diatomic molecular ͓14,15͔ systems, have been recently developed. Much remains to be explored along this direction.
Ab initio study of MPI and HHG processes of a hydrogen molecular ion, the simplest two-center molecular system with three electronic degrees of freedom, will be the focus of this article. Even for H 2 + , accurate three-dimensional ͑3D͒ calculations of MPI and HHG rates are by no means straightforward, particularly for the cases of long wavelength and strong laser fields. There are a number of previous H 2 + calculations ͑see, for example, Refs. ͓16-19͔͒, but most of them adopt 1D or 2D model descriptions ͓16,17͔ or zero-range potential ͓8͔. Recently, HHG calculations of H 2 + at the laser wavelength 800 nm were performed using a 3D approach for the time-dependent Schrödinger equation ͓20͔. The results show interesting interference phenomena in the harmonic spectra due to contributions from each nucleus.
Precision calculations of MPI rates of H 2 + at 1064 nm were accomplished a few years ago ͓21͔ by means of the time-independent non-Hermitian Floquet matrix approach ͓22͔. However, such an approach requires the development of a sophisticated numerical procedure for the treatment of ultralarge complex eigenvalue problems ͓21͔. In this paper, we present an alternative ab initio approach, the timedependent non-Hermitian Floquet method, for the highprecision nonperturbative treatment of HHG spectra of the real 3D H 2 + system. In the present study, we assume the fixed-nuclei approximation ͑nuclear motion is not taken into account; this is a commonly used approximation in HHG and MPI calculations where the fast electron motion is more important͒ and the alignment of the molecular axis in the external field direction. We study MPI and HHG in laser fields with the wavelength 532 nm at different laser intensities and internuclear separations R.
We note that although accurate numerical solution of the 3D time-dependent Schrödinger equation of the H 2 + systems driven by intense laser pulses is now becoming feasible ͑see, for example, Ref. ͓21͔͒, high-precision HHG results are generally more difficult to achieve as the harmonic generation rates can vary as much as 10-20 orders of magnitude from low to high harmonics. The primary motivation of the present Floquet study is to provide precision and benchmark HHG results for the monochromatic field case, allowing comprehensive analysis of the R-dependent HHG phenomena in terms of the quasienergy spectrum.
Since HHG is observed in intense laser fields, it is accompanied by multiphoton ionization ͑MPI͒. The HHG and MPI processes take place at the same time and are strongly correlated. Thus the investigation of MPI is important for understanding the behavior of HHG spectra. Previous investigations of the ionization dynamics of H 2 + involved numerical integration of the time-dependent Schrödinger equation ͓23,24͔ as well as the time-independent Floquet approach ͓21,25,26͔. Some studies used a quasistatic approach treating the laser field as a static electric field and then averaging over the field strengths within one optical cycle ͓27,28͔ ͑a short review of previous MPI studies is given in Ref. ͓21͔͒. The applicability of the quasistatic description depends on the wavelength of the laser field. As revealed by the calculations of Ref. ͓24͔, for example, at the wavelength 1064 nm the results are consistent with the static tunneling ionization picture, while at 790 nm, large dynamic corrections are observed. Our calculations are performed at even shorter wavelength, 532 nm, where the quasistatic description may not be applicable. Indeed, our results for the ionization rates show strong deviation from the 1064 nm case ͓21,23,27͔ and exhibit several sharp resonances as the internuclear separation varies. Analogous behavior of ionization rates was observed in the Floquet study of Ref. ͓25͔ at the wavelength 248 nm. We show that the resonances in the MPI process strongly affect the HHG production.
In the present HHG study, we extend the time-dependent non-Hermitian Floquet approach recently developed for the study of the high-order above-threshold multiphoton ionization of atomic systems ͓29͔ to the diatomic molecular systems. The approach proved to be very accurate and efficient, particularly for the intense and low-frequency external fields where traditional Floquet Hamiltonian methods have led to very large size matrix problems. In Sec. II, we start with the implementation of the time-dependent non-Hermitian Floquet method for molecular systems in prolate spheroidal coordinates. In Sec. III, we discuss our results for HHG spectra and MPI ionization rates of H 2 + in the laser field with the wavelength 532 nm. Section IV contains concluding remarks.
II. METHOD
Our time-dependent non-Hermitian Floquet approach consists of the following steps: ͑i͒ generalized complexscaling pseudospectral discretization of the wave function and the Hamiltonian operator in the prolate spheroidal coordinates; ͑ii͒ construction of the complex-scaled timeevolution operator for one optical cycle by means of the time propagation using the split-operator technique; ͑iii͒ diagonalization of this time-evolution operator which yields the complex quasienergy eigenvalues and corresponding Floquet eigenstates at time moment t =0; ͑iv͒ time propagation of the selected Floquet states again using the split-operator technique which gives the wave functions on the time grid with uniform spacing within one optical cycle; ͑v͒ evaluation of the time-dependent expectation values of the dipole moment, momentum, and acceleration using the computed Floquet wave functions; ͑vi͒ Fourier analysis of the above quantities to produce the harmonic generation rates.
A. Pseudospectral discretization in prolate spheroidal coordinates with uniform complex scaling
We make use of the conventional definition of the prolate spheroidal coordinates , , and ͓30͔, and the relation between the cylindrical coordinates , z and prolate spheroidal coordinates of the electron is as follows:
͑3͒
a being the half-internuclear distance. The third coordinate, the rotation angle about the z axis, is the same for both coordinate systems. The electronic part H e of the unperturbed Hamiltonian operator of the hydrogen molecular ion H 2 + can be written as follows in the prolate spheroidal coordinates ͑atomic units are used͒:
U͑ , ͒ being the Coulomb attraction between the electron and the two nuclei,
The interaction of the electron with the laser field linearly polarized along the z axis is described in the velocity gauge,
where F and are the laser field strength and frequency, respectively, and the partial derivative with respect to z is expressed in the prolate spheroidal coordinates as follows:
The system has the axial symmetry with respect to the z axis, and the projection M of the electron angular momentum on the z axis is conserved. Thus the wave function of the electron ⌿͑ , , , t͒ can be represented in the following form:
and the coordinate is eliminated from the time-dependent Schrödinger equation for the function ⌽͑ , , t͒. In what follows, we will limit the discussion to the states ͑M =0͒, and the equation for the function ⌽͑ , , t͒ takes the form
where the kinetic energy operator T depends on and only,
͑10͒
Now we are going to apply the Legendre pseudospectral discretization ͓31͔ of the wave function and operators in Eq. ͑9͒. First, we need to use the mapping transformations, = ͑x͒ , = ͑y͒, to ensure the new quantities x and y span the interval ͓−1,1͔. For the pseudoangular coordinate , the identity transformation is used,
͑11͒
while for the pseudoradial coordinate , we apply the complex-scaling mapping transformation,
R L and ␣ being the mapping parameter and complex rotation angle, respectively. We make use of the Gauss-Legendre abscissas ͕x i ͖ and ͕y j ͖ as the collocation points in the pseudospectral discretization. They are defined as the roots of the Legendre polynomials P N x ͑x͒ and P N y ͑y͒, respectively,
The orders of the polynomials N x and N y are equal to the numbers of grid points for the coordinates x and y within the interval ͓−1,1͔. The Gauss-Legendre quadrature can be written as follows:
where ij are related to the values of the function ⌽ at the collocation points,
͑15͒
In Eq. ͑15͒, the primes denote the derivatives of the functions with respect to their arguments. The discretized kinetic energy and ‫ץ‬ / ‫ץ‬z operators are matrices of the order N x N y ϫ N x N y . They have the following matrix elements as acting on the vector ͕ ij ͖:
͑17͒
The first derivative matrices D ii Ј ͑x͒ , D jj Ј ͑y͒ have simple analytical expressions in the pseudospectral method; for the sets of the Gauss-Legendre collocation points, they appear as follows:
As for the Coulomb potential U͑ , ͒ on the right-hand side of Eq. ͑9͒, it is represented by a diagonal matrix ͑like any multiplication operator in the pseudospectral method͒, with
͑15͒-͑19͒ are the main results of the current Gauss-Legendre pseudospectral discretization in the prolate spheroidal coordinates. We should note that previously a pseudospectral discretization scheme in the prolate spheroidal coordinates was developed in Ref. ͓21͔ . However, that approach used a different definition of the prolate spheroidal coordinates and a different ͑Gauss-Lobatto͒ set of collocation points. The advantage of these methods is that they allow nonuniform and optimal spatial grid discretization ͑denser mesh near each nucleus and sparser mesh at larger electron-nucleus separations͒. This improves greatly both the accuracy and the efficiency of the electronic structure and time-dependent calculations.
B. Complex-scaled time-evolution operator
If Eq. ͑9͒ is solved for the Floquet state, the wave function ⌽͑ , , t͒ can be expanded in the time Fourier series,
where is a complex quasienergy with the real part representing the ac Stark-shifted energy level of the system, and the imaginary part is equal to minus one-half of the ionization rate. Then Eq. ͑9͒ is equivalent to the infinite-dimension time-independent matrix eigenvalue problem for the quasienergy and the vector of the Fourier components ⌽ m ,
where
is the unperturbed molecular electronic Hamiltonian, and V m are the time Fourier components of the interaction operator V͑ , , t͒. The left-hand side of Eq. ͑21͒ represents the timeindependent Floquet Hamiltonian acting on the vector of the wave-function Fourier components ⌽ m . In practical computations, the set of Eq. ͑21͒ is truncated, and the Floquet Hamiltonian matrix has a finite dimension. However, this dimension
where N m is the number of equations retained in the set ͑21͔͒ can be very large, particularly for strong and low-frequency external fields. An alternative way ͓29͔ to solve for Floquet wave functions is by the extension of the time-evolution operator approach ͓22,32,33͔. Consider the one-optical-cycle timeevolution operator U T . For the Floquet wave function ⌽͑ , , t͒, the following equation holds:
is an eigenvalue problem for the timeevolution operator U T . The quasienergy can be determined from the eigenvalue exp͑−iT͒. Unlike Eq. ͑21͒, there are no time Fourier components in Eq. ͑23͒, and the matrix dimension is N x N y ϫ N x N y only. The penalty for the reduced matrix size is some extra work required to obtain the one-cycle propagator U T . At the time moment t, the time-evolution operator U t satisfies the equation
with the initial condition at t =0,
where I is the identity operator. Upon integration of Eq. ͑24͒ from t =0 to t = T, one obtains the one-cycle propagator U T . We employ the following split-operator, second-order shorttime propagation formula,
The smaller ⌬t, the more accurate Eq. ͑26͒, and the error is of the order O͓͑⌬t͒ 3 ͔. The one-cycle time-evolution operator U T is calculated by sequentially applying Eq. ͑26͒, starting from t = 0. To facilitate the computations for the velocity gauge interaction V͑ , , t͒ ͑6͒, the time propagation according to Eq. ͑26͒ is performed in the momentum space where the operator V͑ , , t͒ is diagonal.
The matrix exp ͑ −i 1 2 ⌬tH 0 ͒ is computed only once for the specified ⌬t and can be represented by the spectral expansion. Since the matrix H 0 is non-Hermitian, there are two sets of eigenvectors, the right eigenvectors ͕ k R ͖ and the left eigenvectors ͕ k L ͖, involved in the spectral expansion ͓29͔,
The eigenvectors k R and k L correspond to the same complex eigenvalue E k and satisfy the biorthogonality and binormalization relations,
The time-dependent matrix exp(−i⌬tV ͑ , , t + 1 2 ⌬t ͒ ) must be computed at each time step, but this operation is fast since this part of the short-time propagator is diagonal in the momentum representation used in the present calculations, since the interaction is described in the velocity gauge.
The above procedure describes a complex-scaling approach to the eigenvalue problem for the one-cycle timeevolution operator. The computed operator U T is being diagonalized to produce the complex quasienergy and the corresponding Floquet state at t = 0. The first implementation of this method was accomplished in Ref. ͓29͔ for the study of the high-order above-threshold multiphoton detachment of H − . Note that previously the complex-scaling approaches in time-propagation schemes were applied to the initial-state problems ͓34,35͔.
C. Time-dependent non-Hermitian Floquet approach for the calculation of HHG spectra
Once the one-cycle time-evolution operator U T is constructed and diagonalized to produce the desired Floquet state with the quasienergy and the ͑right͒ wave function ⌽ R ͑ , ,0͒, the latter is used as a starting point for the timepropagation process based on the same split-operator formula ͑26͒. As a result, the right wave function ⌽ R ͑ , , t͒ is obtained on the uniform time grid between t = 0 and t = T. This wave function is used to calculate the time-dependent dipole moment D͑t͒, momentum P͑t͒, and acceleration A͑t͒ expectation values. Actually, to calculate those expectation values one needs also the left wave function ⌽ L ͑ , , t͒, so the following expressions can be used:
͑32͒
The right and left wave functions satisfy the time-dependent equations
where H is the total non-Hermitian Hamiltonian matrix,
For the uniform complex scaling, the following relation holds for this matrix:
where the superscript T denotes the transposed matrix. As a consequence, the right and left time-dependent wave functions are related as
͑37͒
That is why one can evaluate the expressions ͑30͒-͑32͒ using the right wave functions only. It can be easily verified that the expectation values of the dipole moment, momentum, and acceleration satisfy the following equations:
The nth-order harmonic generation rates ⌫ n ͑the number of photons with the frequency n emitted per unit time͒ are calculated according to the classical electrodynamics formula
where c is the speed of light and A n is the Fourier component of the acceleration A͑t͒,
Equation ͑40͒ represents the so-called acceleration form of the HHG rates expression. The dipole and momentum forms can be obtained using the relations between A n and Fourier components of the dipole moment and momentum, D n and P n ,
͑43͒

III. RESULTS AND DISCUSSION
To test the quality of the wave functions obtained by the present time-dependent non-Hermitian Floquet approach, we performed the calculations of the harmonic spectra using three different forms for the harmonic generation rates expressions: the dipole form, the momentum form, and the acceleration form. If the exact wave functions are used, all three forms should yield the same result. However, if the wave functions are approximate, one expects some discrepancies when employing different formulas for the harmonic generation rates. The results of the calculations are presented in Tables I and II for the laser field intensities 5 ϫ 10 13 and 1 ϫ 10 14 W/cm 2 , respectively. As one can see, an excellent agreement exists for a wide interval of harmonic orders starting from the lowest third harmonic and ending well beyond the cutoff and covers a 15 orders of magnitude range in the HHG rates. To our knowledge, these are the first precision ab initio calculations of high-order harmonic generation by the hydrogen molecular ion that have achieved full convergence of the HHG spectra.
We present two sets of the HHG spectra calculations. In these calculations, we used the momentum form of the expression for the HHG rates. In the first set, we have computed the harmonic generation rates at the internuclear separation R = 2 a.u. and several laser field intensities. To achieve convergence in the time-evolution operator and wavefunction computations for the highest intensity 5 ϫ 10 14 W/cm 2 , we applied 80 pseudoradial and 20 pseudoangular grid points and used 65 536 time-propagation steps. For the lowest intensity 5 ϫ 10 13 W/cm 2 , 60 pseudoradial, 20 pseudoangular grid points, and 32 768 time-propagation steps were enough to obtain fully converged results.
The results are presented in Fig. 1 . As may be expected, for higher laser intensities the harmonic spectrum becomes wider with the cutoff position shifted towards higher harmonics. It is instructive to compare the behavior of the HHG spectrum obtained from the present accurate Floquet calculations with the qualitative predictions of the classical "simple man's model" ͓8͔. According to this model, for the two-center system, there exist topologically different classical electron trajectories which can lead to collisions with the nuclei and emission of high-energy photons. Besides the collision with the parent core which resembles the single atom case and leads to the harmonic spectrum cutoff position at the energy ͉E 0 ͉ + 3.17U p irrespective of the laser field intensity and internuclear separation, the collisions can occur also with the other nucleus. In the latter case, the return kinetic energy of the electron depends on the field intensity and frequency as well as on the distance between the nuclei. For the field parameters used in the present calculations, two different classical trajectories may be responsible for the high kinetic energy of the electron when it returns to the other nucleus. The corresponding maximal recombination energies appear quite close to the atomic one and are listed in Table III for the intensities used in the calculations. All three values which mark the harmonic spectrum cutoff position are also shown by arrows in Fig. 1 . For the highest intensity used in the calculations, 5 ϫ 10 14 W/cm 2 , the plateau in the HHG spectrum is wide ͑extends to the harmonic order 33͒ and exhibits maxima in the dependence on the harmonic order. One of them is located just before the cutoff and corresponds to the classical trajectories discussed above. The other maxima can be attributed to collisions with the parent and other nucleus after the return at larger times ͑more than one period of the field͒. For example, the next two extrema in the dependence of the recombination energy on the initial time correspond to ͉E 0 ͉ + 1.49U p and ͉E 0 ͉ + 1.60U p , or 21.5 and 22.2, which is in fair agreement with the position of the next maximum in the HHG spectrum.
The "simple man's model" also predicts a maximum in the low-energy part of the HHG spectrum, corresponding to the harmonic order FR / ͑the so-called "low-energy hump" ͓8͔͒. At the internuclear separation R = 2 a.u. and laser wave- TABLE II. HHG rates of H 2 + in the ground electronic ͑1 g ͒ state for the internuclear separation R = 2 a.u. The laser field wavelength is 532 nm and the intensity is 1 ϫ 10 14 W/cm 2 . Shown are the results of the calculations using the dipole ͑D͒, momentum ͑P͒, and acceleration ͑A͒ forms of the HHG rates expression. N is the order of the harmonic. The numbers in brackets indicate the powers of 10. length 532 nm, however, the position of this maximum is below the third harmonic, even for the highest intensity 5 ϫ 10 14 W/cm 2 used in the calculations. That is why the lowenergy hump is not well pronounced in the present HHG spectra. Probably, the maximum in the calculated HHG spectra at the fifth harmonic can be attributed to this feature of the classical analysis.
In the second set of the calculations, we computed the harmonic generation rates at the intensity 5 ϫ 10 13 W/cm 2 for various internuclear distances between 3 and 17.5 a.u. The two lowest-lying unperturbed states of H 2 + -1 g and 1 u -become nearly degenerate at larger internuclear separations. Thus in our Floquet calculations we need to compute two Floquet states which are dominated by the unperturbed 1 g and 1 u states. We shall call them the lower state and the upper state. For the laser field with the wavelength 532 nm, a one-photon resonance ͑ = 0.085 645 4 a.u.͒ occurs at the internuclear distance R approximately equal to 4 a.u. The 1 g and 1 u states are strongly mixed in the lower and upper Floquet states in the vicinity of this resonance. For the internuclear separations R less than 4 a.u., the lower Floquet state is dominated by 1 g unperturbed state, and the upper Floquet state is dominated by the 1 u unperturbed state. The situation is reversed for the internuclear separations larger than 4 a.u. The real parts of the quasienergies for the lower and upper states as functions of R undergo an avoided crossing at this distance ͑see Fig. 2͒ .
The HHG spectra demonstrate strong dependence on the internuclear separation R. In Fig. 3 , we show the HHG rates for R = 3, 6, 10, and 16 a.u. for both the upper and the lower Floquet states, respectively. As one can see, for the same harmonic order n the difference between the values of ⌫ n at different R can be as large as several orders of magnitude. Higher-order harmonics ͑15th and above͒ are generally enhanced at the larger internuclear distances shown, for example 16 a.u. There is no regular dependence on R for the lower-order harmonics. Our calculations reveal a strong correlation between the ionization rates and harmonic generation rates. In Fig. 4 , we show the ionization rates of the H 2 + lower and upper Floquet states as a function of R. When the internuclear distance varies from R = 3 a.u. to R = 17.5 a.u., the ionization potentials for the unperturbed 1 g and 1 u electronic states of H 2 + change from 0.911 to 0.557 and from 0.701 to 0.557 atomic units, respectively. Several multiphoton ionization thresholds exist within this range of R, as the minimum number of photons required for ionization ͑in the weak-field limit͒ changes from 11 to 7 for the 1 g state, and from 9 to 7 for the 1 u state. However, the correct position of the thresholds in the strong laser field must be determined from the quasienergies rather than unperturbed energies, and the ponderomotive shift of the continuum onset should be taken into account. Thus for the lower Floquet state, the ionization thresholds are located approximately at 3.2, 4.4, and 7.5 a.u; for the upper Floquet state, the ionization threshold positions are at 4.6 and 7.4 a.u. With R increasing, the next ͑and the last͒ thresholds appear at 19.6 a.u. for both the lower and upper Floquet states; these last thresholds are be- yond the R range where the present calculations were performed, however. When going from smaller to higher internuclear separations and approaching the next threshold, a series of resonances with the excited electronic states of H 2 + is encountered which causes a significant enhancement in the ionization process. In Fig. 4 , such a resonance series is clearly seen around 6 a.u. Another large resonance series is spread from 9 to 17.5 a. revealed in the previous Floquet calculations by Madsen, Plummer, and McCann ͓25, 26͔ at shorter wavelengths 248 nm and 212 nm. The resonant enhancement of ionization occurs for both the lower and upper Floquet states. However, for the upper state the ionization rate is generally larger than that for the lower state ͑except for the internuclear separations larger than 15 a.u.͒. The upper state is dominated by the ͑even͒ 1 g unperturbed state at R Ͼ 4 a.u. Thus it has a significant population between the nuclei which is easier to ionize, as discussed by Codling and Frasinski ͓36͔. On the contrary, the lower state is dominated by the odd 1 u state, and the population between the nuclei is suppressed.
At the very large internuclear separations ͑R Ͼ 15 a.u.͒, the ionization rate of the lower Floquet state exceeds that of the upper state. At such large distances, one can expect a transition to the separated atoms picture which features the interference of the contributions from the two atoms to the total ionization rate for the both Floquet states. As a consequence, the ionization rate exhibits an oscillatory behavior as a function of R. The minima of the ionization rate for the upper state must correspond to the maxima for the lower state, and vice versa. One can roughly estimate the period of the interference oscillations ⌬R from the equation k⌬R =2, where k is the average momentum of the electron in the continuum. Since the laser field intensity used in these calculations is not very high ͑5 ϫ 10 13 W/cm 2 ͒, a reasonable value of k can be the momentum of the electron after absorption of the minimal number of photons required for ionization, that is, k Ϸ ͱ 2. Then ⌬R Ϸ 15 a.u., and the separation between the adjacent interference minimum and maximum is approximately 7.5 a.u. For larger average electron momentum k, ⌬R becomes smaller, but anyway one can expect the period of the interference oscillations to be of the order of a few atomic units, which is much larger than the separation between the adjacent resonance peaks in the ionization rate dependence on R. One can see the beginning of this interference oscillatory structure in Fig. 4 at the internuclear separations larger than 14-15 a.u.
The resonances in the ionization process strongly affect the harmonic generation as well. In Figs. 5-7 , we show the HHG rates for the harmonics 3-19 as a function of R. As one can see, the enhancement in the harmonic generation occurs exactly at those internuclear distances where the ionization rates show resonances. The production of low-order harmonics rates is increased in the region around R = 6 a.u. The three high ionization peaks of the upper state at R = 9.5, R = 11.2, and R = 12.5 a.u. also correspond to enhanced generation of the harmonics of the order 9-13. For the higher-order harmonics ͑15-19͒, the increased generation is observed at large distances ͑16-17.5 a.u.͒.
IV. CONCLUSION
In this paper, we have presented a time-dependent nonHermitian Floquet approach for accurate calculations of HHG by the hydrogen molecular ion H 2 + in intense laser field with the wavelength 532 nm. The procedure involves the extension of the complex-scaling generalized pseudospectral ͑CSGPS͒ technique for nonuniform and optimal spatial discretization of the two-center Hamiltonian and efficient non-Hermitian time propagation of the time-evolution operator. We show that high-precision time-dependent quasienergy wave functions, MPI rates, and HHG power spectra can be achieved by this method.
We have studied the dependence of the HHG spectra on the intensity of the laser field at the equilibrium internuclear separation. Our results confirm that the "simple man's model" ͓8͔ can give a reasonable estimate of the cutoff position. Moreover, we have explored the dependence of HHG spectra on the internuclear separation R at the field intensity 5 ϫ 10 13 W/cm 2 . Our calculations reveal a strong dependence of HHG rates on R. At some R, the HHG production is strongly enhanced, and this phenomenon can be attributed to the resonantly enhanced multiphoton ionization of H 2 + at these internuclear separations. The enhancement of higher harmonics ͑15-19͒ occurs at larger R. The observed phenomena in the R dependence of the HHG rates can be used for better control of the high-order harmonic generation process. Extension of the present approach to the study of HHG of multielectron diatomic molecules is in progress.
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